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Abstract. We study the rate of convergence in periodic homogenization of con-

vex Hamilton-Jacobi equations. We show that the convergence rate is always

O(ε), which is optimal. Our proof uses the optimal control formula, which is

similar to that in [7], and a beautiful topological lemma on decompositions of

continuous curves, Lemma 2.1, by Burago [1].

1. Introduction

We give a brief description of the periodic homogenization of Hamilton-Jacobi
equations. For each ε > 0, let uε ∈ C(Rn × [0,∞)) be the viscosity solution to{

uεt +H
(
x
ε
, Duε

)
= 0 in Rn × (0,∞),

uε(x, 0) = g(x) on Rn.
(1.1)

Here, the Hamiltonian H = H(y, p) : Rn × Rn → R is a given continuous function
satisfying

(H1) for p ∈ Rn, y 7→ H(y, p) is Zn-periodic;
(H2) H is coercive in p, that is, uniformly for y ∈ Tn := Rn/Zn,

lim
|p|→∞

H(y, p) = +∞;

(H3) for y ∈ Tn, p 7→ H(y, p) is convex.

The initial data g ∈ BUC (Rn) ∩ Lip (Rn), where BUC (Rn) is the set of bounded,
uniformly continuous functions on Rn.

Under assumptions (H1)–(H2), uε converges to u locally uniformly on Rn× [0,∞)
as ε→ 0, and u solves the effective equation{

ut +H (Du) = 0 in Rn × (0,∞),

u(x, 0) = g(x) on Rn.
(1.2)

See [5, 4, 8]. The effective Hamiltonian H ∈ C(Rn) depends nonlinearly on H, and
is determined by the cell (ergodic) problems. For each p ∈ Rn, there exists a unique
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constant H(p) ∈ R such that the following cell problem has a continuous viscosity
solution

H(y, p+Dv) = H(p) in Tn. (1.3)

Note that v = v(y, p) is not unique even up to additive constants in general.
Our goal in this paper is to obtain rate of convergence of uε to u in L∞, that is,

an optimal bound for ‖uε − u‖L∞(Rn×[0,∞)) as ε→ 0+. Here is our main result.

Theorem 1.1. Assume (H1)–(H3) and g ∈ BUC (Rn) ∩ Lip (Rn). For ε > 0, let
uε be the viscosity solution to (1.1). Let u be the viscosity solution to (1.2). Then,
there exists C > 0 depending only on H, ‖Dg‖L∞(Rn), and n such that,

‖uε − u‖L∞(Rn×[0,∞)) ≤ Cε.

We now give a minimalistic review of the literature. For the general nonconvex
setting, the best known convergence rate is O(ε1/3) obtained in [2]. Optimal rate of
convergence O(ε) for convex first-order equations was first obtained in [7] using weak
KAM theory and Aubry-Mather theory. See also [3], where ideas and results in first
passage percolation were utilized. More precisely, the lower bound uε − u ≥ −Cε
always holds. The upper bound uε(x, t) − u(x, t) ≤ C(1 + t)ε holds under some
additional conditions on H, u, g, which are a bit restrictive. When n = 2, optimal
rate O(ε) always holds true (see [7, 3]). In [9], the method in [7] was generalized
to obtain O(ε) optimal rate for a more complicated situation with multi-scales in
one dimension. For homogenization of some special first-order front propagation
problems, see [6]. Moreover, when n ≥ 3, [3] also gives the unconditional upper
bound uε(x, t) − u(x, t) ≤ Cε log(C + tε−1), which is nearly optimal. Theorem 1.1
gives the optimal convergence rate O(ε), which concludes the study of this whole
program in the convex setting.

The proof of Theorem 1.1 uses the optimal control formula, which is similar to
that in [7], and a topological lemma on decompositions of continuous curves, Lemma
2.1, which was originally used to study stable norms in geometry. With the help of
this decomposition of continuous curves, a generalized version of the intermediate
value theorem in multi dimensions, we are able to obtain the result in a rather
standard way. We would like to mention that first passage percolation and stable
norms are basically convex homogenization in stochastic and geometric settings.

Organization of the paper. The paper is organized as follows. Some preliminary
results are given in Section 2. We then give the proof of Theorem 1.1 in Section 3.

2. Preliminaries

We assume the setting of Theorem 1.1.

2.1. Simplifications. We have the following simplifications, which are similar to
those in [7]. We use the comparison principle to obtain that

‖Duε‖L∞(Rn×[0,∞)) ≤ C0.
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Here, C0 > 0 is a constant depending only on H and ‖Dg‖L∞(Rn). See [8]. Thus,
the values of H(y, p) for |p| > C0 are irrelevant. Hence, by modifying H(y, p) for
|p| > 2C0 + 1 if needed, we assume further that H grows quadratically in p, that is,

1

2
|p|2 −K0 ≤ H(y, p) ≤ 1

2
|p|2 +K0 for all (y, p) ∈ Tn × Rn, (2.1)

for some K0 > 1. Let L(y, q) be the Lagrangian (Legendre transform) of the Hamil-
tonians H(y, p). It is clear that

1

2
|q|2 −K0 ≤ L(y, q) ≤ 1

2
|q|2 +K0 for all (y, q) ∈ Tn × Rn. (2.2)

For (x, t) ∈ Rn × (0,∞), the optimal control formula for the solution to (1.1)
gives

uε(x, t) = inf
εη(0)=x

η∈AC([−ε−1t,0])

{
g
(
εη
(
−ε−1t

))
+ ε

∫ 0

−ε−1t

L(η(s), η̇(s)) ds

}
. (2.3)

Here, AC ([−ε−1t, 0]) is the space of absolutely continuous curves from [−ε−1t, 0] to
Rn.

2.2. A topological lemma. The following is a topological lemma from [1].

Lemma 2.1. Let m ∈ N and ξ : [0, 1] → Rm be a continuous path. Then, there is
a collection of disjoint intervals {[ai, bi]}1≤i≤k ⊂ [0, 1] with k ≤ m+1

2
such that

k∑
i=1

(ξ(bi)− ξ(ai)) =
ξ(1)− ξ(0)

2
.

This is basically a generalized version of the intermediate value theorem in multi
dimensions. We include the proof here for completeness.

Proof. Consider the unit sphere Sm in Rm+1. For x = (x1, . . . , xm+1) ∈ Sm, we have∑m+1
i=1 x2i = 1. We now define a map f : Sm → Rm as following.

For each x ∈ Sm, take a partition 0 = t0 ≤ t1 ≤ . . . ≤ tm+1 = 1 such that

ti − ti−1 = x2i for 1 ≤ i ≤ m+ 1.

Denote by

f(x) =
m+1∑
i=1

sign(xi)(ξ(ti)− ξ(ti−1)).

Note that if xi = 0, then ti−1 = ti. It is clear that f ∈ C(Sm,Rm) and f is odd,
that is,

f(x) = −f(−x) for x ∈ Sm.
Thus, by the Borsuk–Ulam theorem, there exists x ∈ Sm such that

f(x) = f(−x) =⇒ f(x) = 0.

Without loss of generality, we assume that x has at most m+1
2

positive coordinates.
Then, the collection of disjoint intervals [ti−1, ti] with xi > 0 is exactly what we
need. The proof is complete. �
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3. Proof of Theorem 1.1

We assume the setting of Theorem 1.1. By the simplifications above, we also
assume (2.1)–(2.2). For x, y ∈ Rn and t > 0, denote by

m(t, x, y) = inf

{∫ t

0

L(η(s), η̇(s)) ds : η ∈ AC ([0, t],Rn), η(0) = x, η(t) = y

}
.

Here, m(t, x, y) is the minimum cost to travel from x to y in a given time t > 0. We
say that m(t, x, y) is the metric distance from x to y in time t. The homogenized
(large time average) metric is

m(t, x, y) = lim
k→∞

1

k
m(kt, kx, ky).

In fact,

m(t, x, y) = tL

(
y − x
t

)
,

where L is the Lagrangian (Legendre transform) of the effective Hamiltonian H. In
particular, for s > 0,

m(st, sx, sy) = stL

(
y − x
t

)
= sm(t, x, y).

Some basic properties of m are collected in the following lemma.

Lemma 3.1. Assume (2.1)–(2.2). The following properties hold, where C > 0 is a
universal constant depending only on L and n.

(a) m is subadditive, that is, for x, y, z ∈ Rn and t, s > 0,

m(t, x, y) +m(s, y, z) ≥ m(t+ s, x, z).

(b) m is periodic, that is, x, y ∈ Rn, w ∈ Zn, and t > 0,

m(t, x+ w, y + w) = m(t, x, y).

(c) For t > 0, and |y| ≤ Ct,

m(2t, 0, 2y) ≤ 2m(t, 0, y) + C.

(d) For t > 0, and |y| ≤ Ct,

m(t, 0, y) ≤ m(t, 0, y) + C. (3.1)

The proof of this lemma is standard and is hence omitted. See [8] for details.
Recall that {

1
2
|q|2 −K0 ≤ L(y, q) ≤ 1

2
|q|2 +K0,

1
2
|p|2 −K0 ≤ H(y, p) ≤ 1

2
|p|2 +K0.

(3.2)

We next show that m is essentially superadditive using Lemma 2.1, which is
known in the context of stable norms in geometry. See [1, Lemma 4] for a similar
result and its corresponding proof. For the reader’s convenience, we present the
proof by adjusting to our situation.
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Lemma 3.2. Given any constant M > 0, if |y| < Mt, then

2m(t, 0, y) ≤ m(2t, 0, 2y) + C. (3.3)

In particular,

m(t, 0, y) ≤ m(t, 0, y) + C. (3.4)

Here, C > 0 is a universal constant depending only on K0, M and n.

Proof. Throughout the proof, C represents a universal constant depending only on
K0 , M and n. It is enough to prove (3.3). By approximation, we may assume
that L is smooth. By considering α(s) = sy/t for s ∈ [0, 2t], we deduce that
m(2t, 0, 2y) ≤ Ct. Thanks to [8, Appendix D], there exists γ : [0, 2t] → Rn with
γ(0) = 0, γ(2t) = 2y such that

m(2t, 0, 2y) =

∫ 2t

0

L(γ(s), γ̇(s)) ds ≤ Ct. (3.5)

Then, γ ∈ C∞([0, 2t]) and there exists s0 ∈ [0, 2t] such that |γ̇(s0)| ≤ C, which
gives further that |DqL(γ(s0), γ̇(s0))| ≤ C. Moreover, by conservation of energy of
the Hamiltonian system, there exists h0 ∈ R such that

H(γ(s), DqL(γ(s), γ̇(s))) = h0 for s ∈ [0, 2t].

As |DqL(γ(s0), γ̇(s0))| ≤ C, we yield that h0 ≤ C, and hence, |DqL(γ(s), γ̇(s))| ≤ C
for all s ∈ [0, 2t]. Thus, ‖γ̇‖L∞([0,2t]) ≤ C.

If t ≤ (n + 4)2, then we are done. We thus assume that t ≥ (n + 4)2. Let
ξ(s) = (γ(s), s) for s ∈ [0, 2t]. By Lemma 2.1, we are able to find a collection of
disjoint intervals {[ai, bi]}1≤i≤k ⊂ [0, 2t] with k ≤ n+2

2
such that

k∑
i=1

(ξ(bi)− ξ(ai)) =
ξ(2t)− ξ(0)

2
= (y, t).

Without loss of generality, we assume that

b1 − a1 > n+ 4.

Rearranging and shifting γ on {[ai, bi]}ki=1 in a periodic way in space to get a possibly

discontinuous γ̃ : [0, t]→ Rn such that, for t0 = 0, tj =
∑j

i=1(bi− ai) for 1 ≤ j ≤ k,

• γ̃(0) ∈ [0, 1]n;
• γ̃|(tj−1,tj) is a periodic shift of γ|(aj ,bj) for 1 ≤ j ≤ k;

• for 1 ≤ j ≤ k − 1, γ̃(t+j )− γ̃(t−j ) ∈ [0, 1]n, which gives

|γ̃(t+j )− γ̃(t−j )| ≤
√
n;

•
k∑
i=1

(γ̃(t−i )− γ̃(t+i−1)) = y.
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To prove (3.3), it suffices to use γ̃ to create η ∈ AC ([0, t],Rn) with η(0) =
0, η(t) = y, and ∣∣∣∣∫ t

0

L(γ̃(s), ˙̃γ(s)) ds−
∫ t

0

L(η(s), η̇(s)) ds

∣∣∣∣ ≤ C. (3.6)

Here is our procedure.

(1) Firstly, for 0 ≤ j ≤ k, we use a straight line Lj(t) = γ̃(t−j )+
(
γ̃(t+j )− γ̃(t−j )

)
t

for t ∈ [0, 1] to connect γ̃(t−j ) to γ̃(t+j ). Here, we set γ̃(0−) = 0 and γ̃(t+k ) = y.
(2) From (1), we get an extra time of k+1 ≤ n

2
+2. Since t1−t0 > n+4 ≥ 2(k+1),

we reduce it by rescaling γ̃ on [t0, t0 + 2(k + 1)] and keeping the other part
of γ̃ on [t0, t1] to η : [1, t1 − t0 − k]→ Rn as

η(t) =

{
γ̃(t0 + 2(t− 1)) for t ∈ [1, k + 2],

γ̃ (t+ t0 + k) for t ∈ [k + 2, t1 − t0 − k].

Here, we also shift η in time to 1 as this is the needed time for L0 to connect
0 to γ̃(0).

(3) Finally, we define the desired η on Lj and remaining pieces of γ̃ just by
suitable translations of time. See Figure 3.1.

Figure 3.1. Formation of the curve η

Accordingly, (3.6) holds. �

Proof of Theorem 1.1. We combine (3.1) and (3.4) to yield, for s > 0 and y ∈ Rn

with |y| ≤ Cs,

|m(s, 0, y)−m(s, 0, y)| ≤ C. (3.7)
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By scaling and translation, it suffices to obtain the result for (x, t) = (0, 1). As
g ∈ Lip (Rn),

|g(x)| ≤ |g(x)− g(0)|+ |g(0)| ≤ C(|x|+ 1) for all x ∈ Rn. (3.8)

The optimal control formula (2.3) gives us that

uε(0, 1) = inf
η(0)=0

η∈AC([−ε−1,0])

{
g
(
εη
(
−ε−1

))
+ ε

∫ 0

−ε−1

L(η(t), η̇(t)) dt

}
.

Thanks to (2.2) and Jensen’s inequality,

ε

∫ 0

−ε−1

L(η(t), η̇(t)) dt ≥ ε

∫ 0

−ε−1

(
|η̇(t)|2

2
−K0

)
dt ≥ 1

2
ε2
∣∣η(−ε−1)

∣∣2 −K0.

Combining the above with (3.8), we obtain that, for C > 0 depending only on L,
‖Dg‖L∞(Rn), and n,

uε(0, 1) = inf
η(0)=0,

ε|η(−ε−1)|≤C

{
g
(
εη
(
−ε−1

))
+ ε

∫ 0

−ε−1

L(η(t), η̇(t)) dt

}

= inf
|y|≤C

(g(y) + εm(ε−1, ε−1y, 0))

= inf
|y|≤C

(g(y) +m(1, 0,−y)) +O(ε)

= u(0, 1) +O(ε).

We used (3.7) in the second last equality. The proof is complete. �

Remark 1. The rate of convergence O(ε) is indeed optimal. See [7, Proposition
4.3] for an example demonstrating this.

To conclude the paper, we would like to bring attention to the following questions,
which are very important to be investigated in the future.

Question 1. Theorem 1.1 gives us that ‖uε − u‖L∞(Rn×[0,∞)) ≤ Cε. Identify any
possible pattern of uε−u

ε
as ε→ 0+.

Question 2. Study the optimal rate of convergence in the convex setting when H
is time dependent, that is, when H = H(y, s, p) : Rn×R×Rn → R is Zn+1-periodic
in (y, s). Then, (1.1) becomes{

uεt +H
(
x
ε
, t
ε
, Duε

)
= 0 in Rn × (0,∞),

uε(x, 0) = g(x) on Rn.

Question 3. This is concerned with the nonconvex setting, which does not have
optimal control formulations.

(a) Give an example where

‖uε − u‖L∞(Rn×[0,T ]) ≥ Cεα

for some α ∈ (0, 1), C > 0, and T > 0.



8 H. V. TRAN, Y. YU

(b) Find the optimal rate of convergence of uε to u in L∞ for some interesting
examples of coercive, nonconvex Hamiltonian H(y, p) = H(p)−V (y). Exam-

ples in two dimensions include H(p) = (|p|2 − 1)2 and H(p) = |p|+ |p1|−|p2|
2

.
The second one can be viewed as a simplified version of the burning velocity
in the well known G-equation model when strain effect is included (see [10]).
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